There have been some effective tools for solving (constant/parametric) semi-algebraic systems in Maple's library RegularChains since Maple 13. By using the functions of the library, e.g., RealRootClassification, one can prove and discover polynomial inequalities. This paper is more or less a user guide on using RealRootClassification to prove the nonnegativity of polynomials. We show by examples how to use this powerful tool to prove a polynomial is nonnegative under some polynomial inequality and/or equation constraints. Some tricks for using the tool are also provided.
Introduction
Let us begin with an example. we will know at once that the inequality holds.
In this paper, we give in detail an introduction on how to use the function RealRootClassification (RRC for short) to prove a polynomial is nonnegative under some polynomial inequality and/or equation constraints. Before we start, we would like to give some history remarks here.
It is well-known that Tarski [6] proved that all elementary algebraic and geometric propositions are decidable and gave an algorithm for deciding whether or not a given elementary algebraic and geometric proposition is true. Although Tarski's method cannot be applied to any non-trivial theorem proving due to its high complexity, it is a milestone since, for the first time, it told us quantifier elimination (QE) in real closed fields is decidable. Collins [5] proposed a so-called Cylindrical Algebraic Decomposition (CAD) method in 1975. Although the CAD method is of doubly exponential complexity, it has been successfully applied to many non-trivial theorem proving and discovering. There are many subsequent work which improved the CAD algorithm and have been implemented as several well-known tools for solving general QE problems, e.g., QEPCAD.
Yang et. al.
[10] gave a theorem for explicitly determining the condition for a given polynomial to have a given number of real (and/or complex) zeros. Sometimes the conditions are called the root-classification of the polynomial. With this theorem and its generalization to the case of semi-algebraic system, Yang et. al. proposed an algorithm for proving and discovering inequalitytype theorems automatically [11, 12, 13] . Indeed, the algorithm solves a special kind of QE problems which have at least one polynomial equation. A key concept of the method is border polynomial. This algorithm has been improved and implemented by Xia as a Maple package DISCOVERER [9] . Since 2009, the main functions of DISCOVERER have been integrated into the RegularChains library of Maple. Since then, the implementation has been improved by Chen et. al. [1, 2, 3] . All the examples reported in this paper can be solved with Maple of version higher than Maple 13.
There are many other methods based on different principles for polynomial inequality proving. Since this paper is more or less a user guide on using RealRootClassification to prove the nonnegativity of polynomials, we omit the introduction to those methods.
The rest of the paper is organized as follows. Section 2 describes the usage of the function RealRootClassification of RegularChains. Section 3 shows by examples how to use RealRootClassification to prove a polynomial is nonnegative subject to some polynomial inequality and/or equation constraints. Some tricks for using the tool are also provided.
RealRootClassification
In this section we describe in detail the calling sequence, the input and output of RealRootClassification (RRC for short).
First of all, you should install Maple in your computer. The version of Maple should be at least Maple 13. Then, when Maple is started, you should load the RegularChains library as follows before using RRC. The calling sequence of RealRootClassification is
where the first four parameter F, N, P and H represent a semi-algebraic system of the following form
Herein, each of F, N, P and H is a set of polynomials in unknowns x 1 , ..., x n with rational coefficients. If
It should be pointed out that s must be positive, i.e., the system must have at least one equation.
The last formal parameter R is a list of the variables x 1 , ..., x n , which defines an order of the variables and should be defined as a type PolynomialRing (see Example 2) .
The formal parameter d is a positive integer which indicates the last d elements in R are to be viewed as parameters of the given system.
The formal parameter a has two possible forms. If a is a nonnegative integer, then RealRootClassification will output the conditions for the system [F = 0, N ≥ 0, P > 0, N = 0] to have exactly a distinct real solutions. If a is a range, e.g. 2..3, then RealRootClassification will output the conditions for the number of distinct real solutions of the system [F = 0, N ≥ 0, P > 0, N = 0] falls into the range a. If the second element of a range is an unassigned name, it means positive infinity.
We illustrate the usage of RealRootClassification by the following simple example.
Example 2. We want to know the conditions on the coefficients of f = ax 2 + bx + c for f to have real roots if a = 0.
After loading RegularChains library and two relative packages, we define the system as follows. To get more information from the output of the function directly, we type in:
Then, we call > RealRootClassification(F, N, P, H, 3, 1..n, R); where the range 1..n means "the polynomial has at least one real roots".
The output is: R 1 > 0 where R 1 = b 2 − 4ac provided that a = 0 and R 1 = 0. To discuss the case when R 1 = 0, we can add this equation into the original system and call RealRootClassification again. > RealRootClassification([b^2-4*a*c,op(F)], N, P, H, 3, 1..n,R);
In this way, we finally know that the condition is R 1 ≥ 0.
Deciding nonnegativity by RRC
We first give a detailed explanation of Example 1.
Example 1 (continued). Obviously,
is equivalent to the following system is inconsistent Because the inequality to be proved is a non-strict inequality (f ≥ 0), by continuity, we know at once that f ≥ 0 holds for all a, b and c such that a ≥ 0 ∧ b ≥ 0 ∧ c ≥ 0 ∧ abc − 1 = 0. Thus, the proposition is proved.
Example 3. Prove that
Example 4. Prove that
Example 6. Prove that for any given integer n ≥ 3,
As usual, we want to prove that the following system has no real solutions
However, the system does not contain equations and thus RRC cannot be applied directly.
We introduce a new variable T and the system being inconsistent is equivalent to that the following new system is inconsistent We report the timings on the examples in the following 
